This paper considers the bending of transversely isotropic circular plates with elastic compliance coefficients being arbitrary functions of the thickness coordinate, subject to a transverse load in the form of qr k (k is zero or a finite even number). The differential equations satisfied by stress functions for the particular problem are derived. An elaborate analysis procedure is then presented to derive these stress functions, from which the analytical expressions for the axial force, bending moment and displacements are obtained through integration. The method is then applied to the problem of transversely isotropic functionally graded circular plate subject to a uniform load, illustrating the procedure to determine the integral constants from the boundary conditions. Analytical elasticity solutions are presented for simply-supported and clamped plates, and, when degenerated, they coincide with the available solutions for an isotropic homogenous plate. Two numerical examples are finally presented to show the effect of material inhomogeneity on the elastic field in FGM plates.
Introduction
The concept of functionally graded materials (FGMs) was initially proposed in 1984 by a group of scientists in Sendai, Japan (Yamanouchi et al., 1990; Koizumi, 1993) . Since then, FGMs have been of intensive research interests. Due to the continuously varying material properties in space on the macroscopic scale, FGMs are usually superior to the conventional fiber-matrix materials in mechanical behavior, especially under thermal loads. Because of no internal seams or boundaries, stress peaks are missing in FGM structures when external 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 loadings are applied, and failure from interfacial debonding and stress concentration can be avoided. Now FGMs have been widely used in various fields including electronics, chemistry, optics, biomedicine, etc.
Heretofore, volumes of literatures have been published on the investigation of mechanical performance of FGM structures (Chen et al., 2002a; Chen et al., 2003) . Tanigawa (1995) presented a comprehensive review of various approaches proposed to analyze the thermo-elastic behavior of functionally graded materials. Reddy et al. (1999) examined the axisymmetric bending of functionally graded circular and annular plates based on a first-order shear deformable plate theory (FST). An asymptotic theory of thermo-elastic coupled deformation of functionally graded rectangular plate was presented in Reddy and Cheng (2001) . Cheng and Batra (2000) investigated problems of three-dimensional (3D) thermo-elastic deformation of functionally graded elliptic plates by the asymptotic technique. Mian and Spencer (1998) established, in a simple manner, a large class of 3D thermo-elastic solutions for functionally graded plates with traction-free surfaces from any solution of the classical thin plate equation. 3D elastic solution for functionally graded simply supported rectangular plate subject to transverse loading was derived by Kashtalyan (2004) , who assumed that the Young's modulus of the plate varies exponentially through the thickness while the Poisson's ratio remains constant. Soldatos (2004) , on the basis of the refined plate theory, developed Stroh-like complex formalisms and studied the bending problem of inhomogeneous anisotropic rectangular plates. Employing a discrete layer theory in combination with the Ritz method, Ramirez et al. (2004) presented an approximate 3D analysis of anisotropic functionally graded rectangular plates; two specific types of plates were considered, i.e. mechanical properties vary exponentially through the thickness, and they vary quadratically as a function of fiber orientation. Chen (2000a) presented an exact three-dimensional solution of a spherically isotropic spherical shell rotating at a constant angular velocity and having material constants as power functions of the radial coordinate. Chen (2000b) further obtained a 3D analytical solution of free vibration of a spherically isotropic FGM piezoelectric spherical shell. For arbitrarily varying material properties, Chen and Ding (2000a,b) and Chen et al. (2002b) studied various static and dynamic problems of FGM plates and shells by employing the state-space method along with approximate laminate models. However, this analysis is only applicable to plates and shells with particular boundary conditions. Lü and Chen (2005) recently suggested a semi-analytical method by employing the differential quadrature technique to incorporate different types of boundary conditions into the state space formalism. A comprehensive review of the state-of-the-art of study on functionally graded beams, plates and shells can be found in Bian (2005) .
To the authors' knowledge, no 3D solution of circular plates of transversely isotropic inhomogeneous materials has been reported. In the present paper, we study by the stress function method the problem of transversely isotropic functionally graded materials plates with simply supported or clamped edge, subject to a transverse load in the form of qr k , k being zero or a finite even number. Five elastic compliance coefficients involved can be arbitrary continuous functions of the thickness coordinate, provided that positive-definiteness of strain-energy function and some integrable conditions are satisfied. When all elastic compliance coefficients are constant, the obtained solutions degenerate to those for a homogeneous plate, for which stresses and displacements can be expressed in an explicit form. Comparison between the current solutions for homogeneous isotropic materials and these in literatures validates the method proposed in the present paper. Finally, two numerical examples are performed to validate the present solutions and to discuss the effect of material inhomogeneity parameter on displacements and stresses in FGM plates.
Basic equations for axisymmetric deformation problem
The equations of equilibrium with body forces neglected, the strain-displacement relations and stress-strain relations for transversely isotropic materials, referred to a cylindrical coordinate system (r, h, z), are listed as follows
e r ¼ s 11 r r þ s 12 r h þ s 13 r z ; e h ¼ s 12 r r þ s 11 r h þ s 13 r z ;
where r r , r h , r z , and s rz denote the stress components, e r , e h , e z , and c rz are the strain components, u and w are the displacement components in r-and z-directions, respectively; and the comma denotes differentiation with respect to the indicated variable. In this paper, we consider functionally graded materials, whose elastic compliance coefficients in Eq. (3) are functions of z, i.e. s ij = s ij (z). For homogeneous materials, we simply have s ij = const. As in Lekhnitskii (1981) and Ding et al. (2006) , the strain compatibility equations can be derived from Eq. (2) e r ¼ ðre h Þ ;r ; re h;zz þ e z;r ¼ c rz;z :
Two stress functions F and w were introduced in Ding and Xu (1988) (also see Ding et al. (2006) ) as follows
It can be shown that the equations of equilibrium, Eq. (1), have been satisfied automatically.
Stress functions
We start the analysis by assuming that
where F n (z) and w n (z), (n = 0, 1, 2,. . .), are also called stress functions here, depending on the thickness variable z only. It is evident from Eqs. (5) and (6) that w 0 (z) contributes nothing to the stress components so that one can set w 0 (z) = 0. Substituting Eq. (6) into Eq. (5) yields
The finiteness of the stress components r z and r r at r = 0 requires that
Introducing Eq. (7) 
Combining Eq. (10) for n = 1 with Eq. (12), one obtains that
by noting that F 1 (z) and w 1 (z) are zero and that s 11 s 33 À s 2 13 > 0 (which is required by the positive-definiteness of the strain-energy). Furthermore, setting n in Eqs. (10) and (15) as 3, 5, 7, . . . , etc., and solving the resulting equations simultaneously, we can get
Consequently all the terms involving r of the odd orders vanish identically. Consider a circular plate with radius a and height h, subject to a transverse load qr k , where q is a constant and k is zero or a finite even number, as shown in Fig. 1 
where d nk is a Kronecker delta, zero for n 5 k and unit for n = k. Setting F k+6 (z) = 0, w k+6 (z) = 0 and letting n = k + 6,k + 8,. . . in Eqs. (10) and (15), one arrives at F k+8 (z) = 0, w k+8 (z) = 0, F k+10 (z) = 0, w k+10 (z) = 0, etc. Hence, we can assume without lose of generality that 
In the present case, on letting n = 2, 4,. . ., k + 2 in Eq. (10) and n = 4, 6,Á Á Á, k + 4 in Eq. (15), we obtain k + 2 coupled equations for k + 2 functions, i.e. F 2 (z), F 4 (z), . . ., F k+2 (z), w 4 (z), w 6 (z), . . ., and w k+4 (z), which can be derived explicitly through a step-by-step integration procedure. The integral constants involved then can be fixed by 2k + 4 boundary conditions completely, which are obtained by assigning n = 0, 2, 4,. . ., k in Eq. (19). This procedure is shown as follows.
Setting n = k + 4 in Eq. (15) results in
Integrating Eq. (23) twice from the lower limit Àh/2, we obtain
where a k+4 and b k+4 are two integral constants, and
Setting n = k + 2 in Eq. (10) yields
Integrating Eq. (26) twice from the lower limit Àh/2 and making use of Eq. (24), we arrive at
where c k+2 and d k+2 are another two integral constants and
Substituting Eqs. (27) and (28) into the boundary conditions corresponding to n = k in Eq. (19) gives
It can be seen that c k+2 , d k+2 , a k+4 , and b k+4 have been fixed. Taking n = k + 2 in Eq. (15), integrating twice from the lower limit Àh/2 and using Eqs. (21,24,28), we can derive the expressions for w k+2 (z) with another two integral constants a k+2 and b k+2 involved. Integration of Eq. (10) twice then gives F k (z) which contains four integral constants a k+2 , b k+2 , c k , and d k . These constants can be determined by virtue of the boundary conditions corresponding to n = k À 2 in Eq. (19). Following the step of integration till w 4 (z) and F 2 (z) are determined, we can find that all stress functions involved in Eqs. (10) and (15) can be expressed explicitly and each boundary condition in Eq. (19) could be satisfied. Finally, we may easily deduce the expression for F 0,zz + w 2 with two integral constants a 0 and b 0 involved.
It is worthy mentioning that we can not derive the individual expression for F 0 or w 2 . In fact, it is also not necessary to do so as we can see from the expressions for stresses and strains in Eqs. (22) and (9) that the combination F 0,zz + 2w 2 always appears as a whole.
By virtue of the expression of r r in Eq. (22) and utilizing the boundary conditions in Eq. (19), we can obtain the expressions for the radial resultant N(r) and bending moment M(r) as follows
Substituting Eq. (9) into Eq. (2), we can deduce the expressions for the radial and axial displacements u and w from e h and e z , respectively
n¼0;2 r nþ1 fðs 11 þ s 12 ÞF n;zz þ ðn þ 2Þ½s 12 þ ðn þ 1Þs 11 w nþ2 g;
where w 0 is an integral constant. It is seen that there are totally 3 undetermined integral constants a 0 , b 0 , and w 0 which can be completely fixed by the cylindrical boundary conditions at r = a. For example, for a simply supported (SS) circular plate, the following boundary conditions hold at r = a N ðaÞ ¼ 0; MðaÞ ¼ 0; wða; 0Þ ¼ 0:
For a clamped circular plate, two types of clamped boundary conditions (C1 & C2) will be discussed as follows C1 : uða; 0Þ ¼ 0; wða; 0Þ ¼ 0; w ;r ða; 0Þ ¼ 0; ð35Þ C2 : uða; 0Þ ¼ 0; wða; 0Þ ¼ 0; u ;z ða; 0Þ ¼ 0:
Thus all the functions and integral constants involved can be determined. Substituting them into Eqs. (22, 32, 33) , we arrive at the expressions of the elastic field in the plate subjected to a transverse load qr k . It is evident that k = 0 corresponds to a special case that the plate is subjected to a uniform load q. We shall take it as an example in the following sections to illustrate the concrete procedure mentioned above.
Uniformly loaded circular plates
In this case, we have F 4 (z) = 0 from Eq. (21) and there left only four non-zero functions, namely, F 0 (z), F 2 (z), w 2 (z), and w 4 (z), governed by the following equations
where Eqs. (37) and (38) root from Eq. (10) for n = 2 and Eq. (15) for n = 4, respectively, and Eq. (39) is obtained from Eq. (13) simply by letting F 4 (z) = 0. Now, Eq. (22) reduces to
Integrating Eq. (38) twice from the lower limit Àh/2, we obtain
where a 4 and b 4 are two integral constants and g 4 (z) is defined in Eq. (25).
Substituting Eq. (41) into Eq. (37) leads to
where f 2 (z) is defined in Eq. (29). Integrating Eq. (42) twice from the lower limit Àh/2, we obtain
where c 2 and d 2 are another two integral constants, and f mn (z), (n, m = 0, 1)is defined in Eq. (29). Substituting Eqs. (43) and (44) into Eq. (19), yields 
The constants a 4 and b 4 can be determined from Eq. (46) 1 and (46) 2 as follows
where
Integrating Eq. (39) twice from the lower limit Àh/2 results in
where a 0 and b 0 are two integral constants. Substituting Eqs. (41)- (45) ; G i ðzÞ ¼ S 0 ðzÞ½2s 13 f i1 þ G i ðzÞ;
5. Stress, axial force, bending moment and displacements Substituting Eqs. (41)- (45), (50) From Eq. (52), we can draw three conclusions: (1) the stress components r z and s rz are related to a 4 and b 4 only and are independent of a 0 , b 0 and w 0 , i.e. the circumferential boundary conditions exert no influence on r z and s rz ; (2) r z is independent of r, being a function of variable z only; (3) r r = r h at r = 0, which must be satisfied in view of no difference in radial and circumferential directions along the axisymmetric axis.
It is easy to obtain expressions for the axial force N(r) and the bending moment M(r) from the expression for r r in Eq. (52)
Substituting Eq. (40) into Eq. (3) and using Eq. (2), give rise to, through integration, the expressions for displacements. Further, when Eqs. (41)- (45), (50) 
All expressions for stresses, axial force, bending moment and displacements derived above will degenerate into those for isotropic materials, if we take
where E and m are Young's modulus and Poisson's ratio, respectively. Now, we will seek the solutions for the circular plate with different types of boundary conditions, which will be used to determine the remaining arbitrary constants a 0 , b 0 , and w 0 in the solution derived above.
Determination of remaining constants
6.1. Simply-supported circular plate Substituting Eqs. (53) and (54) into the first two of Eq. (34) and using Eq. (47), we obtain
Substitution of the expression for w in Eq. (56) into the last boundary condition in Eq. (34) and making use of Eqs. (47) and (59), we obtain 
For homogeneous materials, i.e. when s ij = const, all functions involved become polynomials of z. Then we obtain from Eqs. (63) and (64) the expressions for stress and displacement components for a transversely homogeneous isotropic material The stresses and displacements for a homogeneous isotropic material can be easily determined by substituting Eq. (58) into Eqs. (65) and (66); for example, r r in Eq. (65) becomes
On letting h = 2c, we have
which is identical with that in Timoshenko and Goodier (1970) . Substituting Eq. (58) into Eq. (66) 2 and letting z = 0 gives arises to the deflection of neutral surface of a homogeneous isotropic plate with SS edge
where D 0 = Eh 3 /12(1 À m 2 ) and the first term on the right-hand side is exactly the deflection predicted by the classical plate theory (CPT) as given in Timoshenko and Woinowsky-Krieger (1959) .
Clamped circular plate
As mentioned before, two types of clamped boundary conditions (C1 & C2) will be discussed. For an FGM circular plate with C1 edge, the integral constants are determined by substituting Eq. (56) (72) and (73) yields the expressions for stresses and displacements for a homogeneous isotropic circular plate with C1 edge, which coincide with those presented in Luo et al. (2004) and Ding et al. (2005) . In particular, the deflection of a homogeneous isotropic circular plate with C1 edge can be derived simply by substitution of Eq. (58) into Eq. (73) 2 and letting z = 0 as
which coincides with that given by Timoshenko and Woinowsky-Krieger (1959) . For a circular plate with C2 edge, we can determine the integral constants by substituting Eq. (56) 
In terms of the relations in Eq. (58), Eqs. (77) and (78) become the expressions for stresses and displacements for a homogeneous isotropic material. They agree with those presented in Ding et al. (2005) for a homogeneous isotropic circular plate with C2 edge. The deflection for a homogeneous isotropic plate can also be deduced similarly
Comparison between Eqs. (74) and (79) yields
which indicates that the deflection for a uniformly loaded homogeneous isotropic plate with C2 edge is always larger than that for a plate with C1 edge. Thus 3D analytical elasticity solutions for uniformly loaded FGM plates with different edges have been obtained; there are two points that should be strengthened:
(1) The elastic fields are expressed explicitly, showing clearly the effect of material inhomogeneity that facilitates greatly the optimization design of FGM structures. (2) The material coefficients can be the arbitrary continuous functions of z, and hence they can be applied to various FGM models (including the homogeneous material as a particular case), which is shown in the next section.
Numerical examples and discussion
In the numerical calculation, we take q = 1 · 10 6 (N/m 2 ) and a = 0.1 (m). The following dimensionless quantities are also introduced for the convenience of display,
where the definition of w 1 (r) can be found in Eq. (74) and w 1 (0) = qa 4 /64D 0 is the central deflection of a uniformly loaded homogeneous isotropic plate with C1 edge (Timoshenko and Woinowsky-Krieger, 1959) . Example 1. To validate the present solutions further, we first consider a special isotropic inhomogeneous circular plate with the following FGM model (Reddy et al., 1999 )
where k is the gradient index, m is Poisson's ratio, and E T and E Z are Young's moduli of Titanium and Zirconium, respectively. It should be emphasized that k = 0 (k ! 1) corresponds to a homogeneous Titanium (Zirconium) material. Table 1 lists the material properties of Titanium and Zirconium (Reddy et al., 1999; Xie, 2004) .
As mentioned before, the distribution of r z and s rz are independent of the circumferential conditions. The curves of dimensionless axial stress R f versus f are shown in Fig. 2 , which indicates that jR f j for inhomogeneous materials is larger than that for the homogeneous case. Fig. 3 depicts the curves of dimensionless shear stress R nf versus f at n = 0.5. The location of the maximum shear stress jR nf j changes with k. When k = 0, the curve tends to be a parabola, and the maximum value of R nf occurs at f = 0. In the inhomogeneous case, the points where the maximum value is achieved cease to locate in the neutral surface, moving toward to the lower surface (f = 0.5).
Figs. 4-6 show the curves of the dimensionless radial stress (R n ) at r = 0 versus f, for different gradient indices, of the plate under SS, C1 and C2 edge conditions. From Figs. 4-6, we can see that R n under various edge conditions exhibit similar distribution along the thickness of the plate except for the magnitude. It is of interest to note that the maximum absolute value of compressive stress for k 5 0 does not occur at the upper surface (f = À 0.5) as in the homogeneous case. Tables 2-4 give the dimensionless central deflection W 1 (0, 0) of the FGM circular plate with SS, C1 and C2 edges, and comparison with existing results is made. It is noted that all data corresponding to Reddy et al. (1999) are directly extracted from their paper except those on the last columns in Tables 2 and 4 , which are calculated from Eq. (76) of that paper. From Tables 2-4, we can draw the following conclusions:
(1) For the central deflections under various edge conditions, the present solutions agree well with those based on FST (Reddy et al., 1999) , thus further validating the present method; Table 1 Material properties (2) W 1 (0, 0) of the plate with C1 edge is independent of the thickness-to-radius ratio b, implying that the central deflection for C1 edge is somehow similar to that based on CPT. This is illustrated by the expression for deflection of neutral surface for a homogeneous material given in Eq. (74); (3) The deflection for the clamped plate given in Reddy et al. (1999) for b 5 0 lies between the present solutions corresponding to C1 and C2 edges, and agrees better with the one for C2 edge. It should be pointed out that Reddy et al. (1999) introduced a shear factor j s = 5/6 when considering the effect of shear deformation. The forgoing observation also holds true if j s takes 7/8, 8/9, p 2 /12 and some other oft-used shear factors in engineering. Consequently, the result corresponding to C2 (C1) edge provides an upper (lower) limit for the predictions by any FST. Fig. 7 illustrates this graphically for a particular FGM plate (k = 10); (4) The deflection under various edge conditions deceases rapidly with k and gradually converges to a certain value, which corresponds to that for a circular plate made of Zirconium. The decaying curve of W 1 (0,0) for b = 0.1 is given in Fig. 8 , showing that the difference between the current solution and that in Reddy et al. (1999) increases slightly with k.
Example 2. Now consider a particular transversely isotropic functionally graded plate (h = 0.03 m) with the cylindrical edge simply supported (SS). The elastic compliances of the plates are taken in the following form 
where j is another gradient index and s 0 ij represent the values of elastic compliances at the surface f = À 0.5. The material properties at f = À 0.5 are identical to the ceramic PZT-4 (Ding et al., 2006) and are listed in Table 5 .
Figs. 9-11 depict the distributions of the dimensionless axial stress and shear stress at n = 0.5 and radial stress at n = 0.5 along the thickness of the plate, respectively. Comparing Figs. 9 and 10 with Figs. 2-4 reveals that the stress distributions in plates of different FGM models are completely different. From Fig. 9 , it is seen that jR f j decays with j, which differs from its counterpart in Example 1. From  Fig. 10 , we see that the location of the maximum shear stress (here we means the absolute value jR nf j) changes with the gradient index j. The point, at which the maximum shear stress is reached, approaches to the bottom surface (z = h/2) as j increases and the maximum shear stress increases with jjj. It is evident that the gradient index has a significant influence on the distribution of the radial stress: the greaterj, the larger (smaller) absolute value of the tensile (compressive) stress at the bottom (upper) surface. This is also different from that regarding R n in Example 1. Fig. 12 shows the curves of dimensionless radial displacement at n = 0.5, indicating that the radial displacement changes always almost linearly along the thickness of the plate. The curves of dimensionless axial displacement W 2 versus f are drawn in Fig. 13 . We can see that W 2 almost keeps invariant along the thickness of the plate for a small gradient index (j 6 1 in this case), while it apparently becomes not straight when j = 3. As shown in Figs. 12 and 13, both the radial displacement at the bottom surface and the axial displacement along the symmetric axis increase rapidly with the gradient index because the plate becomes softer as indicated by Eq. (83).
Conclusions
A set of elasticity solutions are derived based on the stress function formulations for the axisymmetric problem of transversely isotropic FGM circular plates subject to a load in form of qr k , where k is zero or a finite even number. Each material constant involved can vary along the thickness in an arbitrary continuous way. Consequently, the present solutions are valid to a wide range of problems of circular plates for different FGM models.
Further theoretical study is however strongly desired to consider the load when k is a finite odd number. If it is succeeded, then combining with the Taylor series expansion, one should be able to obtain the analytical solution of an FGM circular plate subject to any type of axisymmetric loading. To make the breakthrough, the form of stress function given in Eq. (6) shall be revised accordingly.
Numerical results for two special plates subject to a uniform load show that the material inhomogeneity has an important effect on the elastic deformation and stresses in the plate. Thus, the deflection as well as the distribution of stresses along the thickness can be easily controlled by changing the material gradient index. For a practical purpose, however, the optimization object should be pre-determined case by case for the sake of easy choice of this index.
In our derivation, no simplifying assumption on deformation and stress distribution (such as the straightnormal hypothesis) has been made, Hence, the present solutions, based on the elasticity theory, can serve as a benchmark for clarifying any approximate theory or numerical method. The importance of such benchmark solutions is highlighted if we notice the fact that no numerical method performs well while keeping an economic computation cost, especially when the material properties of the plate vary significantly through the thickness. 
